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Abstract. We discuss the meaning of renormalization used for 
deriving quadratic bosonic commutation relations introduced by 
Accardi |ALVj and find a representation of these relations on an 
interacting Fock space. Also, we investigate classical stochastic 
processes which can be constructed from noncommutative qua- 
dratic white noise. We postulate quadratic free white noise com- 
mutation relations and find their representation on an interacting 
Fock space. 



Hudson and Parthasarathy jHPj showed that a Brownian motion 
B{T) can be represented as a sum of two noncommuting operators: 
annihilation a(o,T) and creation j^j, 



where at and a^ stand for the infinitesimal annihilation and creation 
operators respectively. 

Accardi |ALVj . in order to study some physical problems, introduced 
quadratic white noise operators, which informally can be written as 
Ut = a*at, bt = {atY and b\ = (a^)^. The first one, called the number 
operator has been already considered in the white noise calculus and 
it does not cause serious difficulties. The other two, called quadratic 
annihilation and quadratic creation operators, in fact represent infinite 
quantities and therefore have to be redefined. Indeed, it can be shown 
that because of [at, a*] = 6{t — s) we have 



where 6 denotes the Dirac distribution. Since the square of the delta 
function is not well defined, this relation is meaningless. Furthermore it 
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1. Introduction 




[alaf] = 26\t - s) + 4S{t 
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is too singular to apply the subtraction renormalization jSj. By renor- 
malization = '~foS{x) Accardi postulates that the renormalized 

quadratic white noise operators should fulfill the following commuta- 
tion relation: 

(1) [bt,b:] = 2^oSit-s)+A5it-s)ns, 

which for smeared operators = J (pth, = / i^sbs takes the form 

(2) [6^,6;] = 27o(0,V^)+4n^^. 

In Sect. 121 we present another discussion of this relation in a more 
general context of g-deformed commutation relations. 

In Sect. El we show that from this discussion follows for the bosonic 
case the meaning of renormalization constant 70 as the inverse of the 
lengthscale taken for quadratic variation of a (noncommutative) Brow- 
nian motion and we discuss other commutation relations. Furthermore, 
from quadratic white noise operators we construct some classical sto- 
chastic processes. 

Accardi and Skeide |ALV| lASj have constructed a Fock representa- 
tion of quadratic white noise relations. The construction presented in 
the paper uses the Kolmogorov decomposition for a certain posi- 

tive kernel. Another approach is presented in the paper |ASj where the 
construction of quadratic white noise operators is based on the theory 
of Hilbert modules. In Sect. El and El we present a direct construction 
of such a representation on an interacting Fock space. Our method 
is based on defining explicitly a scalar product on a symmetric Fock 
space. 

In Sect, ini we discuss the existence of a Fock representation of an 
algebra containing both quadratic and usual linear white noise oper- 
ators. It turns out that it is in general not possible to find such a 
representation. The main reason is that under a certain lengthscale 
the renormalized quadratic operators lose their intuitive meaning as 
squares of creation and annihilation operators. 

In Sect. [71 we introduce free quadratic white noise operators which 
should describe the squares of free creation and annihilation operators 
with small violation of freeness and construct their representation. 

Both standard and quadratic white noises are weak processes, i.e. 
mappings from some linear space S to operators on a Hilbert space. 
Contrary to white noise commutation relations, the quadratic relation 
(|21) involves not only a scalar product in S, but a product of two ele- 
ments of S as well. From the noncommutative geometry viewpoint [0] 
it would be interesting to consider noncommutative spacetime algebras 
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S as well and quadratic white noise relations provide appropriate ex- 
amples. Unfortunately, for the bosonic white noise there seems to be 
some limitations on the choice of S but for the free case the construc- 
tion works for all associative algebras. 

2. General Renormalized Quadratic White Noise 

For a Hilbert space Ti and a real number g, — 1 < g < 1 let us 
consider g-deformed white noise operators [FBI IBKSj : the creation 
and its adjoint annihilation indexed by G 7i. These operators 
fulfill the following commutation relation: 

(3) a^al-qa*^a^= {(f),^). 

For the case Ti. = C^{M, dfi) we can write informally 



JM JM 

where a^, a* denote white noise annihilation and creation operators. 

Our goal is to introduce operators and 6J which would be infor- 
mally treated as integrals of squares of white noise operators 



JM JM 

In order to give meaning to these expressions let us consider a sequence 
(Jj) of disjoint measurable subsets of M, each of the same measure / 
and a sequence (xi) of orthogonal functions 



1 : X e h 
: x^k ' 

Furthermore let us consider piecewise constant functions (j), ip, 

(Pi^) = ^{x) = ij{Xi)Xi{x), 

i i 

for a sequence (xi) such that Xi E h. Now let us define 



A simple computation shows that for squares of creation and anni- 
hilation operators 

alaf - q'afal = (1 + g)(C,0' + + 0«H 
hold. For this reason we have 
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['^ + <l)Y] '^{Xi)(l){xi) + g(l + V a*^ ai 



Xi 



Since the C?{M, dfx) norm of the function -^Xi is equal to 1, the oper- 
ator a\_ is a number operator. If we consider only the creation 

and annihilation operators a^, ag for functions 9 that are piecewise 
constant on sets L then the operators a*i a i ^ and a^at have the 

same commutation relations with others and therefore they are indis- 
tinguishable in the sense of vacuum expectation values. Under these 
assumptions we can write 

(4) h^hl - q%;b^ = 

l + q " 



I 



'ip{x)(f){x) diJ,{x) + q{l + q) / i'{x)(j){x) a*at. 
M Jm 



The preceding calculations hold only for a very limited class of func- 
tions and ip. However, we shall postulate the following commutation 
relation between quadratic creation and annihilation operators for all 
and ip: 

(5) b^bl - q%b^ = -f{(j), + c n^^, 

for some constants 7, c and where Uf, called a number operator, should 
be understood as a generalization of the usual number operator J^^- f{x)a*at. 

2.1. Fock representations. Hudson-Parthasarathy's operators a^, 
(0 G Ti.) are usually represented as operators acting on some Hilbert 
space with a cyclic vector Q with the property that a^il = for all 
(p E TC. Since the operators 6^, b^ are interpreted as smeared renor- 
malised squares of white noise operators at, a*, therefore it is natural 
to ask if it is possible to find a representation of operators b^, 6^, 
acting on some Hilbert space such that contains a cyclic vector 
O, called a vacuum, such that b^^Q = 0, n^fi = for all 0. In such 
a setup we will be able to define a state r on the space of operators 
acting on F^ defined by t{X) = (O, Xfl) which would play the role of 
a (noncommutative) expectation value. 

3. BosoNic Quadratic White Noise 

3.1. Bosonic commutation relations. For the bosonic case q = 1 
Eq. (jH) takes the form 

(6) [6^,6;] = 270(0, V^)+4n^^, 
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where 70 = y- Furthermore, we postulate that two creation, two anni- 
hilation and two number operators should commute: 

(7) h,b^] = 0, [&;,&;] =0, K,n^] = 0. 

A simple calculation for piecewise constant functions 



V0(xi)a^ a 1 , Vv^(xj)(a^ )^ = 2 Vv^(xfe)0(a;fc)(a^ 

^—^ yi^' v^^' ^—^ Vi^^ ^-^ Vi 



\2 



J 

gives us a motivation for the following commutation relations: 

(8) = 2&;^, [b^, n^] = 26^^*. 

3.2. Classical quadratic processes. By the spectral theorem a com- 
muting family of normal operators has a common spectral measure. Af- 
ter applying a state the spectral measure becomes an ordinary measure 
which has a natural probabilistic interpretation as a joint distribution 
of random variables corresponding to operators from our family. 
Let us define for s G M, 

(9) Qsi(l)) = b^* +bl + sn^. 

Similar to the white noise it is a weak process i.e. an operator valued 
function on a linear space £^(M, dfi)nC°°{M, d/j,). In the case M = R+ 
we can construct from it a stochastic process Qs(t) = QsiX{o,t))- 

Theorem 1. Let us fix s E M. Then {Qs{4')} forms a commuting fam- 
ily of normal operators and therefore it is a classical stochastic process. 
With respect to the expectation value t, it is a Markovian process. 

Proof. The first part of the proof is a simple application of (jHl)^®- 

The property that Qs is a process with independent increments 
means exactly that for all disjoint sets Mi, M2 C M and /j G Alg{(5s(0) 
G £^(Mi)} the equality r(/i/2) = r(/i)r(/2) holds. Note that ev- 
ery expression containing operators n^, b^, b*^ (cj) G TC) can be written 
according to the relations ((HI) in the normal form, a linear combi- 
nation of products of type 

(10) bl^ - ■ - bln^^ . . .n^^b^^ ■ ■ - b^^. 

Each of the operators n^^ , b^^ , commutes with each of the operators 
n02, 6(^2, 6^^ for (pi G C'^{Mi, dfi), therefore a product of two expressions 
of the form (HU)), one being an element of Alg{n<^, b^, 6J : G £^(Mi)} 
and the other an element of Alg{n<^, 6^, 6^ : G £^(M2)} is-up to a 
permutation of factors-in a normally ordered form. The state r has 
a property that on normally ordered products it takes nonzero values 
only on multiples of identity and t(/i/2) = T(/i)r(/2) follows. 
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Now it is enough to notice that the expectation value of Qs{4>) is 
equal to for any 0. □ □ 

3.3. Quadratic variation of a Brownian motion. Let M = 

and let us consider an arithmetic series {U), ti = li. For the sum of 
squares of increments of a standard Brownian motion the following 
operator equality holds: 

i i 
i 

where Xi is the characteristic function of an interval In the 

preceding discussion we have chosen the commutation relations be- 
tween operators Ih*^. and In^^ to coincide with commutation re- 
lations between , a*^ and at a^, whenever the length of intervals 

Xi' Xj Xk Xk O 

is equal to / = Therefore, for any function (f) which is piecewisc 
constant on intervals we can write 



Y,4>{ti)[B{ti^i) - B{t 



This equation can be viewed as follows. Just like a^, are quan- 
tum components of the Brownian motion, for functions (p which are 
piecewise constant on intervals which length is a multiplicity of op- 
erators b(j), b^, 2n^ are quantum components of the quadratic variation 
of Brownian motion. The constant describes the lengthscale under 
which such interpretation is no longer valid. 

The measures corresponding to 7o(52(^) + t = 7oQ2(X(o,t)) + ^ for t 
being the multiplicity of are therefore the distributions. Prom 
this it follows that for arbitrary t these are gamma distributions and 
7oQ2(^) + i is a gamma process. 

4. Quadratic Bosonic White Noise on an Interacting 

FocK Space 

Let ^ be a commutative C*-algebra of continuous functions on some 
set M with a measure and let the state on A induced by be denoted 
also by 
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Definition. A partition of a finite set A is a collection vr = {tti, . . . , Tim} 
of nonempty sets TCp, which are pairwise disjoint and their union is equal 
to A. 

An ordered partition of a finite set A is a set vr = {ni, . . . ,71^} of 
nonempty sequences Hp = (vrpi, . . . , Tip^up), such that the family of sets 
{vTpi, . . . , TTp^np}, 1 < p < m forms a partition of A. 

For a fixed positive constant 70 let us consider a vector space r^(^) = 
@n>o-^'^"' (where ,4®" denotes the symmetric tensor power) with a 
sesquilinear form defined by 

(11) = 

{7ri,...,7rm} l<p<m ^ 

where the sum is taken over all ordered partitions vr of the set {1, . . . , n}. 

Please note that this sesquilinear form is well-defined on the full 
tensor power however we shall usually use it on the symmetric 

tensor power A®^. 

In the sum = 0„>o-4®" appears a summand A®^ which should 
be understood as a one- dimensional Hilbert space Cfi where f2 is a 
unital vector called vacuum. _ 

The Hilbert space F^, a completion of F^ will be called bosonic qua- 
dratic Fock space. In the following by A®^ we shall mean the com- 
pletion of the symmetric tensor power A®^ with respect to the scalar 
product (fTT|) . 

Question. For the sesqilinear form all algebraic considerations of 
this section hold even if the algebra A is not commutative. If this case 
we only have to assume that the state /i is tracial and we have to replace 
the number operator (jl4p by a pair of left and right number operators. 
Unfortunately, in this general situation the form (jlip is not always 
positively definite. Is it possible to find some nontrivial examples of 
noncommutative algebras A with tracial states yU such that (fTT|) is 
positively definite? 

For -j/) e ^ we define the action of the quadratic creation, annihilation 
and number operators on simple tensors by 

(12) 6;(xi ® • ■ ■ ® Xfc) = ^ xi®---®Xi®i^® Xi+i ® ■ ■ • ® Xfc, 

0<j<fc 



(13) 6^(xi ® ■ ■ ■ ® Xfc) = 270 /i«Xi) X2®---®Xk+ 
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X2 ® ■ • ■ ® Xi-1 ® iXi'^^Xi) ® Xi+1 ® ■ ■ ■ ® Xfc, 

2<i<k 

(14) n^ixi (8) ■ ■ ■ (8) Xk) = ^ Xi ® • • • Xi-i ® (^Xi) ® Xi+i ® ■ ■ ■ ® Xfc, 

l<i<fc 

for > 1 and tlieir action on tlie vacuum by 

(15) b*^in)=^, 6^(fi) = 0, n^(fi) = 0. 

Please note that simple tensors are in general not elements of the sym- 
metric tensor power of A. However, by linearity these definitions ex- 
tend to a dense subspace of the symmetric tensor power A'^"'. What 
is important, the range of operators 6^ : A^" — > A'^^"'~^\ : A'^^ — > 
^ . j^igm _^ j^(gin jg agg^jj^ ^ symmetric power of A. 
A difficulty arises from the fact that such defined operators are not 
bounded. For example we shall not claim that 6^ is an adjoint of b^ 
because such a statement is not easy to prove since it demands careful 
discussion of domains of operators. It seems that in order to do this 
we would have to define these operators on some analogue of exponen- 
tial domain of Hudson and Parthasarathy jHPj in a less intuitive way. 
Similarly commutation relations will hold only in a restricted sense. 

Theorem 2. Operators b^, b*^, fulfill the following operator norm 
estimates with respect to the scalar product Ml]) : 

<V2k 11011^, + (fc_ 1)11011^^), 



(16) 



b^:A 



(17) 



61 : ^('^-i) ^ A^ 



< V2k 



+ {k-l 



: A 



A 



»k 



< k 



Proof. Let us consider a map A'^'^ — > ^®(^~^) defined on simple tensors 
by ipi ® ■ ■ ■ ® i^k ^ 270(0, ipi)ip2 ® ■ ■ ■ ® ipk- It is easy to see that the 
operator norm of this map does not exceed \/2kr^ II 011 -C^. 

And now, for any i let us consider a map A®^ (-[gg^ed on 

simple tensors by -01 ® • • • ® 'j/'fc 1— >■ 2-02 ® ■ • ■ ® V'j-i ® (0j0*-0i) ® ipi+i ® 
■ ■ ■ ®ipk- It is easy to see that the operator norm of this map does not 
exceed \/2k ||0||£oo. 

The sum of these maps is equal to which shows the estimate (fT^. 

The estimation (fTTj) follows from (fTBj) because b^ is an adjoint of 6^ 
what will be proven in Theorem El and therefore their norms are equal. 

The inequahty (fTHj) is obvious. □ □ 
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This theorem allows us to define the action on A'^^ of operators 
a^j,, for all e C'^{M,diJ,) Pi C°°{M,dfj,) and of operator for all 
(f) G /:°°(M, dfi). 

Theorem 3. For any ( G C'^{M, dfi) fl £°°(M, ci/i) operators and 6^ 
are adjoint in the sense that 

for all ^ G $ G For an?/ G C'^{M,dn) the adjoint of 

is equal to n^* in the sense that 

for all ^ G ^ eA^K 

Proof Let us consider = Y.m'^o^ ® • ■ ■ ® i>kii G and $ = 
YIn ® ■ ■ ■ ® 0^ ^ A^''. Since is a symmetric tensor the value of a 
scalar product (\E', (S) ■ ■ ■ ® ® C ® ® ' ' ' ® does not 

depend on i. This implies that 

(*,6*(C)$) = (/ + i)(^,C®$). 

We can split the sum in the definition (jlip of (\E', C®^) into two parts: 
over ordered partitions vr of the set {0, 1, . . . , — 1} which contain 
a block consisting of a single element and all the others ordered 
partitions. Since the state is tracial we have 



M N 



{7ri,...,7rm} l<q<m 



X 



where the sums over vr are taken over all ordered partitions tt of the 
set {1, . . . ,k — 1}. 

Note that for any nonempty subset A of the set {1, . . . ,k — 1} we 
have 



TTq TTq l<r<nq 

\T TTql T TTql T TT q^^ — l^ q,r—l q,r^ / T IT q^j. ^ q,r+l^ q,r+l ^ q,nq^ q,nq ' 
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where the sums are taken over all sequences -Kg = {7Tq,i, • • • , T^q,nq) such 
that each of the elements of A appears in tt^ exactly once. 
Now, it is easy to see that 



i M 



7o 



M 



+1 



which proves the first part of the theorem. 

The proof of the fact that the adjoint of is equal to n</,* is very 
simple and wc shall omit it. □ □ 

Theorem 4. For any e C^iA) n C°°{A), C,^ e C°°{A) and $ e 

A'^'^ we have 



(19) 



(20) [b^, = (27o(0, ^P) + 4n^*v,)$, 

(21) [nc,&;]$ = 26^^$, [6^,nd$ = 26^*^$- 

Proof. Since the definitions of creation quadratic operators and stan- 
dard creation operators coincide, two quadratic creation operators com- 
mute. Quadratic annihilation operators are their adjoints so they com- 
mute with each other as well. 

Let us consider two auxiliary annihilation operators 

hixi ® • • • Xfe) = 270 //(V'*xi) X2 «)•••«) Xfc, 

&,^(Xi • • • ® Xfe) = 2 E X2 ® • • • ® Xi-i ® (Xi^Xi) ® Xt+1 ® • ■ ■ ® Xfc- 

2<i<k 

We have b^ — b^ + b^. 

The definition of 6 coincides up to a factor with the definition of the 
standard annihilation operator, therefore 

It is easy to see that there are exactly two terms in the commutator 
which do not cancel: 

K b^Kxi ® • • • «) Xfc) = 27o(V'0*Xi + Xi0» ® X2 «) • • • ® Xfe, 
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which is equal to the action of A'jon^^*. If we do not assume that A is 
commutative we have to replace n by an appropriate sum of left and 
right multiplication operators. □ □ 

5. Another Representation of the Quadratic Bosonic 

FocK Space 

The construction from the previous subsection can be presented in a 
more direct way. Let us consider an isomorphism C(M)®- • ■®C(M) = 
Caig(M X ■ ■ ■ X M), where Caig(M") denotes the space of continuous 
functions on M" = M x ■ ■ ■ x M which are finite sums of simple tensors. 
The multiplication map 3 Xi ^ ■ ■ ■ ^ Xn i— »• Xi ■ ■ • x„ G A under 
this isomorphism is equal to the diagonal map Caig(M'^) 3 f ^ Af G 
C{M), where (A/)(x) = f{x,x, . . . ,x) for any x G M. 

For any ordered partition vr = {tti, . . . , VTfc} of the set {1, . . . , n} let 
: M'' — > M" be an embedding of M'^ onto the diagonal of M"- 
defined by partition vr: 

A^(xi, ...,Xk) = {yi, . . .,yn), 

where yr = Xg for r G vr^. A*(/i®™') denotes the pull-back of the 
measure /i®*" on M™ onto a multidiagonal of defined by A^r, namely 

/ /(a;i,...,Xfc)dA:(/i®-)= / f[K{yl.....y.^)W{yl)■■■d^l{y^). 

J M>' J M"^ 

Note that however the function A^r depends on the choice of order of 
blocks of partition vr, the pull-back measure A*(/i®™') does not depend 
on it. 

Therefore the scalar product can be represented as 

($, ^) = I . . . , Xk)'^{xi, ...,Xk) dfikixi, . . . , Xfe) 

for $ G Caig(M^), \E' G Caig(M'), where the measure fik on is given 
by 

{lTi,...,1Tmi 

In other words: the measure /ifc on is a sum of the product measure 
on and of product measures with supports on all multidiagonals of 

MK 

The operators defined in the last section in this context are repre- 
sented as follows: 

(22) (6^^)(a;i, . . . ,x„+i) = . . .,Xi-i,Xi+i, . . . ,x„+i), 
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(23) (6<^^)(xi, . . . ,x„) = 270 / 0(x„+i)^(xi, . . . ,x„+i)(i/i(x„+i) + 

J M 

+2 ^ (/)(Xi)^(xi, X2,..., Xi-i, Xi, Xi, Xi+i, ...,Xn), 

i 

(24) (n^^)(a;i, . . . , x„) = ^(xi, . . . , a;„) ^ 0(xi). 

i 

6. Quadratic and Linear Bosonic White Noise 

It is natural to ask if it is possible to incorporate both quadratic 
white noise operators b^, b^, n,/, and linear white noise operators a^, 
to the same algebra. We postulate relations (0)^® of quadratic white 
noise, a relation of white noise 

and some relations linking quadratic and linear noises, among which 
we shall mention only 

We shall prove now that in general it is impossible to find a Fock 
representation of these relations. 

Let X be a measurable subset of M. Let < fi{X) = I < 00 and let 
x{x) = 1 for X G X and x{x) = otherwise. By rewriting operators in 
the normal order we have for any c G M, 

((ca*a* + &*)(], (ca*a* + 6*)fi) = {ca^a^ + b^){ca*^a*^ + b*^)Vt) = 

= 2c2(x, x)' + 27o(x, X) + 2c(x', x) + Hx, x') = Sc^/^ + 4d + 270/. 
It is easy to see that for / < this expression takes negative values. 

This is can be interpreted as another manifestation of the constant 
^ which describes the lengthscale, under which a quadratic white noise 
loses its physical meaning. 

7. Free Quadratic White Noise 

7.1. Free commutation relations. For the free case g = the co- 
efficient standing at number operator in Eq. (0]) is equal to so this 
equation is equivalent to the commutation relations of free creation and 
annihilation operators. However if we redefine annihilation and cre- 
ation operators by mulitiplying them by ^ and take the limit g ^ 

and ql = - we obtain 

(25) 6^6^ =7(0,^) + 
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The simple calculation for g = 0, 

(a*i ai^)(a*i )^ = 5i,(a\ 

motivates us to postulate the other free commutation relations 

(26) n^b*^ = b^^, b^n^ = b^^*, n^n^ = n^^. 

Therefore, heuristically quadratic free white noise defined like this 
could be interpreted as a square of free white noise with small violations 
of freeness in the limit g — 0. However, since we take the limit / oo 
it is impossible to repeat the arguments from Subsect. 13 .31 and it should 
be stressed that this interpretation is very informal. 

7.2. Realization of quadratic free white noise. Let A be an as- 
sociative ^-algebra^and /i : ^ ^ C be a state. Let us consider a 
pre-Hilbert space r^(^) = 0„>o'^®"' with a scalar product defined by 

(27) = 

m>l {no,..., rim) 1<P<"1 

where the sum is taken over all increasing sequences of natural numbers 
(rio, ni, . . . , rim) such that = and rim = k what corresponds to all 
Boolean partitions of a set {1, . . . , fc}, i.e. partitions into blocks of con- 
secutive elements {{1, 2, . . . , ni}, {rii + 1, rii + 2, . . . , 77-2}, . . . , {rim-i + 
+ 2, . . . 

The completion of Lf (^) will be called the quadratic free Fock space 
and will be denoted by V'j{A). 

For ip & Av^e define the action of the quadratic creation operators 
on Ff by 

&^(Xi ® ■ ■ ■ ® Xfe) = ^ ® Xi ® ■ ■ ■ ® Xfc, 

b^iXi®---® Xk) = 7/^(V'*Xi) X2 ® ■ • • ® Xfe + {■ip*XiX2) ® X3 ® ■ ■ ■ ® Xfc, 

= (iPXi) ® X2 ® ■ ■ ■ ® Xfe- 
On the algebra A we shall introduce (noncommutative) and 
norms by 

||x||£2 = \/Jl(x*x), 

\\x\\c-^ = sup |/i(xy)|. 

yeA, \\y\\c2=i 
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Theorem 5. For quadratic free operators the following estimations 
hold: 

\\bl\\ = \M<^\\(t>\\c^ + \\(t>\\c-, 

Theorem 6. The operators and h*^ are adjoint. The adjoint to 
is equal to n^*. 

Proof. First note that the summands in (j27|) can be spht into two 
groups: those for which the first component of the partition defined 
by {n-i) is and those for which is not a single element. Therefore for 
= ipi ■ ■ ■ (S) i>k, X = xo ® ■ ■ ■ ^ Xk have 

»">1 {no,..., rim) l<P<m 

»">1 {no,...,nm) 

X n ■ ■ ■ <p_i+lXnp_i+lXnp_i+2 " " " Xn^] = 

2<p<m 

= {ipi® ■ ■ ■ ®ilJk, iK'P*xo)xi ® ■ ■ ■ ® Xk)+ 

+ ® ■ ■ ■ ® V^fc, {(p^XoXi) ® X2 ® ■ ■ ■ ® Xfc), 

where the sums are taken over all increasing sequences of natural num- 
bers (no, . . . , Um) such that Uq = and = k. 

The proof of the fact that is adjoint to is straightforward and 
we shall omit it. □ □ 

Theorem 7. The following operator equalities hold for all 0, G fl 
and C,r/ e C°° : 

(28) b^b^ = 7/i(^/'» + n^*^, 



(29) 
(30) 
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7.3. Free quadratic Fock space and free probability. In this sub- 
section we shall present some properties of the free quadratic Fock space 
related to the free probability of Voiculescu |Vj. 

Definition. A noncrossing partition is a partition vr = {tti, . . . , VTfc} of 
a set {1, . . . , n} such that there do not exist numbers l<a<b<c< 
d < n such that a, c G vr^, b,d E and r ^ s. 

Theorem 8. Let A be an associative -k-algebra with a state fi. For 
Qs{4>) = ^, + V + -^^0 '""^ ^'^'"'^ 

r[Qs{ct>i)---Qs{(i>k)] = 

where the sum is taken over all noncrossing partitions {tti, . . . , Tr^}; 
The free cumulants |KSj are therefore 
A;„(0i, . . . = 7/i(0i ■ ■ -^n) 

Proof. Let us consider two auxiliary annihilation operators 

® ■ ■ ■ ® '^k) = 7/^(0*V'i) 4^2® ■ ■ ■ ^'^k, 
hii^i ® ■ ■ ■ ® V^fe) = (0*^/'iV^2) ® ® ■ ■ ■ ® V'fc- 

Therefore Qs{(p) = b*^ + sn^ + + 6^* and t[Qs{(I)i) ■ ■ ■ Qs{4>k)\ is a 
sum of 4^ summands each equal to the state r acting on a product 
of operators 6*, sn, b and 6. Each of these summands is of the form 
ni<j<jt If^i'Pnii ■ ■ ■ 07ri „. ) times a power of s. Furthermore, only expres- 
sions coming from noncrossing partitions can appear. Our question is: 
with which coefficient such a term comes in the t[Qs{4>i) ■ ■ ■Qs{4'k)]- 
We shall discuss the 4"'' ways of choosing one of four operators b*, sn, b 
and b to be associated with each of the vectors (pmi, ■ ■ ■ , 4'iTi „ . forming 
a block of the partition tt. 

First note that there must be rij > 2, and with the vector 0^.^ must 
be associated the annihilator b and with the vector 6^. must be asso- 
ciated the creator b* — otherwise such a summand does not contribute 
in the sum. There are remaining rij — 2 places on which we have to 
choose operators b*, b and sn. The number of creation operators / on 
these places must be equal to the number of annihilators, the other 
rij — 2 — 2/ places must be occupied by number operators. There are 
("W^) possibihtes of choosing places on which number operators should 
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be placed. The number of ways of choosing / places among 21 places on 
which creation operators should act is equal to the / Catalan number 
I^KF] which ends the proof. □ □ 

As a simple corollary we have the following 

Theorem 9. Let A be an associative -k-algehra with a tracial state fi 
and let s G M. Let J-'s{A) be a -k-algehra generated by operators Qs{4') 
for (j) E A and by the identity operator. Then a state p on J-'s{A) given 
by p{X) = {Q, XQ) is tracial. 

Theorem 10. Let A be an associative -k-algebra with a tracial state fi, 
s G M and let (Ai) be a family of -k-subalgebras of A such that xy = 
for any x G Ai, y G Aj and i ^ j. Then subalgebras J-'s{Ai) of the 
algebra Ts{A) are free with respect to the state p. 

Proof. By the definition of freeness we have to prove that for any se- 
quence ii, . . . ,in of indexes such that the consecutive indexes are not 
equal ik 7^ ik+i for 1 < k < n — 1 and a sequence {Xk) such that 
Xk G J-'s{Aii^) and p{Xk) = for 1 < /c < n we have p{Xi ■ ■ ■ X„) = 0. 

Each of the operators Xk can be written as a sum of normally ordered 
operators, i.e. as a sum of products of the type b'^_^ - ■ ■ b^^b^-^ ■ ■ - b^^ or 
^$>i ■ ■ ■ ^^p^C^iPi ' ' '^^q- "^^^ assumption p{Xk) = implies that in this 
sum the multiplicity of the identity operator does not appear. By 
distributing we see that the product Xi - ■ ■ X„ can be written as a sum 
of many summands, each being a product of normally ordered products. 

The commutation relations (j28p -(|3U p show that for each of these 
summands if one is not normally ordered then it is equal to zero. On 
the other hand, a vacuum expectation of any normally ordered product 
(containing no multiplicity of identity) is equal to 0. □ □ 
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